We investigate the creation of entanglement by the application of phases whose value depends on the state of a collection of qubits. First we give the necessary and sufficient conditions for a given set of phases to result in the creation of entanglement in a state comprising of an arbitrary number of qubits. Then we analyze the creation of entanglement between any two qubits in three qubit pure and mixed states. We use our result to prove that entanglement is necessary for Deutsch-Jozsa algorithm to have an exponential advantage over its classical counterpart. 03.67.*, 42.50.Dv
I. INTRODUCTION
In recent years, entanglement has become an important resource for quantum communications [1] . Quantum computation [2] , which is more efficient than classical computation for certain problems [3] [4] [5] , could also potentially owe its efficiency to entanglement [6] [7] [8] .
Though the precise role of entanglement in quantum computation is not yet well understood, entangled states are certainly generated during the course of certain quantum computations.
A quantum computation, when halted at an appropriate point, can be regarded as a method of generating entanglement. Typically, a quantum computation is a multiparticle interference experiment with different phases applied to distinct multiparticle states [9] . In general, the phases applied to the multiparticle states during a quantum computation are global phases as they depend on the total state of a collection of qubits. In this paper, we will investigate the types of entanglement generated by such global phases and the conditions under which such phases do not generate any entanglement.
The model of quantum computation which motivates our work is that presented by Cleve, Ekert, Macchiavello and Mosca [9] . This model (with a slight alteration which does not change its principal ingredient) is illustrated in Fig.1 . Each of the qubits, initially in the |0 state, are first transformed according to a Hadamard transformation. This is shown in the figure by the giant Hadamard transformation acting on all the qubits and converts the total state of the qubits to |φ 1,···,N = 1 2 N/2
where N is the total number of qubits and the index j labels the 2 N possible states of the type |j 1 , j 2 , ..., j N in which each j i = 0 or 1. |φ 1,···,N is a disentangled state. A state dependent global phase f (j) is now applied to each state |j . This is shown as the second giant transformation F in the figure. This converts the total state to |ψ 1,···,N = 1 2 N/2
where {f (j)} are real and 0 ≤ f (j) < 2π (f (j) = 2π is reassigned the value 0). This state |ψ 1,···,N , generated as a result of global phases, can be entangled. We propose to halt the quantum computation at this stage and investigate the amount of entanglement generated.
A complete quantum computation, of course, consists of one more step in which another giant Hadamard transformation is applied to all the qubits as shown in Fig.1 . But in this paper we are interested in the entanglement of the state prior to this last transformation.
The entanglement of |ψ 1,···,N comes from the global phase factors f (j). First, we study conditions on the phase function f (j) for the state |ψ 1,···,N to be disentangled. Next, we derive the entanglement of 3-qubit pure states (N = 3) for the special case in which only one or two of the global phase parameters are nonzero. We study variation of the entanglement as a function of one global phase parameter for a mixed state of three qubits by numerical calculations. Finally, we discuss the implications of this type of entanglement arising in Deutsch-Josza algorithm. In particular we show that for obtaining exponential advantage over its classical counterpart, entangled states must necessarily arise in DeutschJozsa algorithm.
II. NECESSARY CONDITIONS FOR THE GENERATION OF ENTANGLEMENT BY GLOBAL PHASES
We first derive the conditions on {f (j)} for |ψ 1,···,N to be disentangled, i.e,
In a case of two qubits (N = 2), we can write the condition as follows,
where n is an arbitrary integer. Examples of functions f (j) which satisfy the above conditions are periodic functions with periods 1, 2 and 4(the constant function).
We now consider the case of three qubits,
First, we derive condition that the qubit C is disentangled from the qubits AB. The density matrix of the qubit C is given by
with taking a basis {|0 , |1 } and
(From now on, when we give a matrix representation of a density operator on a 2 ndimensional space, we always take a logical basis of {|x : x ∈ {0, 1} n }.) If and only if tr(ρ C 2 ) = 1, the qubit C is disentangled from the qubits AB. Hence we obtain the following constraints,
Next, we consider the condition that the qubit B is disentangled from the qubits AC. From similar considerations before, we obtain another constraint,
From these results, we obtain four constraints, (8) , (9), (10) and (11), where n 1 , · · · , n 4 are arbitrary integers, so that |ψ ABC is disentangled perfectly. Again, it is easy to check that periodic functions with periods 1,2,4 and 8 satisfy the above constraints.
Next consider the general case of N qubits. Before deriving the condition for |ψ 1,···,N to be disentangled, we think how many constraints of {f (j)} do we need to disentangled |ψ 1,···,N completely. In Eq. (2), the number of real parameters is equal to 2 N . On the other hand, if |ψ 1,···,N is disentangled, we can describe it as
and the number of real parameters is equal to (N + 1). Therefore, to disentangle |ψ 1,···,N to an N-qubit product state, we need [2 N − (N + 1)] constraints. The constraints are given as follows,
and we can confirm that the number of the above constraints is
As |ψ 1,···,N being disentangled automatically implies that all the above constraints hold, if any of them fail, |ψ 1,···,N is necessarily entangled. A sufficient condition for global phase functions f (j) to produce entanglement is thus the violation of any of the above constraints.
In a compact form the above expression can be rewritten as
where In the subsequent sections, we proceed to study the degree and type of entanglement generated by some global phase functions which generate entanglement.
III. ENTANGLEMENT BETWEEN TWO QUBITS ON THREE-QUBIT PURE STATES
The general problem of entanglement generation by global phase functions for N qubits is very complicated as it involves N phase parameters. We will consider the simpler case of 3-qubit pure states that have just one or two nonzero phase parameters. We first derive how the entanglement between two qubits of a three qubit pure state varies as a function of global phase functions. For this, we evaluate the complete three qubit pure state after application of the global phases, compute the reduced density matrix for any two qubits, and obtain the entanglement between these two qubits using the formula for entanglement of formation by Wootters [11] . We estimate values of phase parameters that give the maximum entanglement.
First, we consider the following pure state with only one global phase parameter θ,
Defining ρ BC = tr A |ψ ABC ψ ABC |, we obtain ρ AB = ρ BC = ρ CA and we get E(ρ AB ) = E(ρ BC ) = E(ρ CA ). If we decided to apply the phase factor e iθ to |001 , instead of |000 , and calculated the entanglement between any two qubits, we would obtain the same amount of entanglement as before. To understand this, we apply
to Eq. (15), and we
In general, due to local convertability, applying a phase factor e iθ to any of the kets |x
3 ) is equivalent in terms of entanglement as long as it is the only phase which is applied.
Here, we evaluate the entanglement between the qubits B and C for the state given by Eq.(15). The reduced density matrix for ρ BC for the qubits B and C is given by
where τ = e iθ . Before computing the entanglement, we have to compute another density matrixρ from ρ following the prescription given in Ref. [11] . We get
where
Defining an eigenvalue of ρ BCρBC as (λ/64), we can write an equation for λ as
and finally we obtain the following equation,
Solutions of this equation are λ = 0 for a double root and
Therefore, because of λ + ≥ λ − , the concurrence [11] is given by
and entanglement can be written as E(C) = H(p), where
From Eqs. (23) and (24), we find
where p gets maximum at θ = 0 (C = 0) and gets minimum at θ = π (C = 1/2). H(p) gets the maximum value of H((1/2)[1 + ( √ 3/2)]) ≃ 0.36 at θ = π and gets the minimum one of H(1) = 0 at θ = 0. In Fig. 2 , we show a variation of entanglement E as a function of θ.
The physical reason for the entanglement peaking at θ = π can be understood if |ψ ABC is rewritten in the following manner
The state ρ BC is essentially a mixture of the state e iθ |00 + |01 + |10 + |11 , which is maximally entangled for θ = π, and |00 + |01 + |10 + |11 , which is always disentangled.
Hence it is only expected that the entanglement of the mixture will be maximum at θ = π. It is also clear that the entanglement can never be maximal in magnitude because an entangled and a disentangled state are always mixed in equal proportions in ρ BC .
Next, we consider pure states with two phase parameters θ and σ. For example, consider the following state,
we trace out the qubit A and get
+ e −iσ 01| + 10| + 11|) + (|00 + |01 + |10
where τ = e iθ and ζ = e iσ . Writing an eigenvalue of ρ BCρBC as (λ/64), we obtain λ = 0 and
Hence, the concurrence is
and the entanglement can be written as E(C) = H(p), where
From Eqs. (30) and (31), we find that C and p can take values in the ranges of Eq. (25).
Because p gets maximum at θ = σ (C = 0) and gets minimum at θ = σ ± π (C = 1/2), H(p) gets the maximum value at θ = σ ± π and gets the minimum one at θ = σ. In Fig. 3, we show a variation of entanglement E as a function of θ and σ.
Again, in this case it is easy to see why the entanglement is minimum for θ = σ. The whole state can be rewritten as
This makes it clear that the state ρ BC is a mixture of the state {e iθ |0 (|0 + e i(σ−θ) |1 ) + |1 (|0 + |1 )} BC , which is entangled for σ = θ and the always disentangled state (|0 + |1 ) B (|0 + |1 ) C . The entanglement of ρ BC will thus depend entirely on the entanglement of {e iθ |0 (|0 + e i(σ−θ) |1 ) + |1 (|0 + |1 )} BC , whose entanglement will be zero when θ = σ and maximum when θ − σ = π.
The entanglement between the qubits B and C will depend on the choice of the two kets from the set {|x : ∀x ∈ {0, 1} 3 } to which we decide to apply the global phases (e iθ and e iσ ) (It is different from the one-parameter case of Eq. (15)). Imagine that we had applied the phases to |000 and |011 . Then the reduced density matrix for ρ BC would be
[(e iθ |00 + |01 + |10 + e iσ |11 )(e −iθ 00| + 01| + 10| + e −iσ 11|)
Because we cannot transform the density matrix ρ of Eq. (33) to that of Eq. (28) by local Writing ρ as
and an eigenvalue of ρρ as (λ/64), we obtain λ = 0 and
The concurrence is given by C = (1/8)(
(mod 2π), C = 0 and the entanglement E gets minimum. At θ + σ = π (mod 2π), C = 1/2 and E gets maximum. In Fig. 4 , we show a variation of entanglement E as a function of θ and σ. As in the previous cases, the entanglement is entirely due to the entanglement of the first part e iθ |00 + |01 + |10 + e iσ |11 of the density matrix ρ ′ BC .
Note that in both the cases of Eqs. (28) and (33) maximal entanglement between B and C can never be reached by varying θ and σ. However, one could get maximal entanglement if one applied the two phase parameters to two different global states. This is equivalent to applying same sets of phases as before, but examining the entanglement between the pair of qubits A and C or A and B. Let us consider the 3-qubit pure state with phase parameters, θ and σ, applied as follows
and trace out the qubit C (in contrast to A) to get
+(e iσ |00 + |01 + |10 + |11 )(e iσ 00| + 01| + 10| + 11|)]
where τ = e iθ and ζ = e iσ . If we write an eigenvalue of ρ ABρAB as (λ/64), we obtain λ = 0 and
In Figure 5 , we show a variation of entanglement of ρ AB as a function of θ and σ.
We now compare the entanglement of ρ AB and ρ BC with fixed θ. In Fig. 6 , we show the variation of entanglement of ρ AB and ρ BC with θ = π. From Fig. 6 , we notice the following facts. When the entanglement E of ρ BC decreases, E of ρ AB increases. ρ AB becomes the maximally entangled state at θ = σ = π. To understand this, we rewrite ρ AB with θ = π as follows
Note that (|0 |− + |1 |+ ) is the maximally entangled state and the phase parameter σ controls the entanglement of the second term in Eq. (39). As |φ σ=π = |− , A and B are maximally entangled in the state (|0 |− + |1 |+ ) (with C being completely disentangled from them) for σ = π.
IV. ENTANGLEMENT BETWEEN TWO QUBITS FOR THREE-QUBIT MIXED

STATES
In previous sections, we have studied the entanglement between two qubits on pure states with phase factors. The pure state of Eq. (15) is prepared by taking a three-qubit states (|+ +|) ⊗3 , and giving a phase e iθ on the ket vector |000 . (In this section, we will often use
Here, instead of the pure state (|+ +|) ⊗3 , we take a mixed state,
where 0 ≤ q ≤ 1/2. Then, we consider the application of a single phase factor as follows
Tracing out any qubit out of the three qubits, we obtain the density matrix in the form of
where τ = e iθ and α = (1/2) − q. Now we proceed to derive the entanglement E(ρ) as a function of θ and q.
We already know that entanglement takes the maximum value at θ = π when we fix q = 0.
The interesting question is whether that peak of entanglement remains in the same place for a nonzero q. Before evaluating E(ρ) explicitly, we show that it gets a local stationary value at θ = π for arbitrary fixed p (0 ≤ ∀q ≤ 1/2). (It remains stationary locally along θ-axis at any fixed q.)
We first show that an infinitesimal variation of θ from θ = π does not affect an equation
of eigenvalues of ρρ. The equation of eigenvalues of ρρ with θ = π + δ and |δ| ≪ 1 is given
Hence, if ∂ θ [det|ρρ − λI|] θ=π = 0, the equation is not affected by δ and the eigenvalues of ρρ get stationary around a neighborhood of θ = π for fixed q.
we can obtain the following result with some calculations [12] ,
Therefore, E(ρ) remains stationary at θ = π for any fixed q and we can expect that it gets maximum there along θ-axis.
By numerical calculations, we get Fig. 7 . It is clear from this figure that the basic behaviour of entanglement with variation of a single phase parameter θ does not change for a mixed initial state and it is still maximum at θ = π. Fig. 8 shows variation of E as a function of q for θ = π. This figure illustrates that the entanglement is lost rapidly as q gets larger. This is also an expected result: the more mixed the initial state is, the harder it is to entangle it by global phase functions.
V. NECESSITY OF ENTANGLEMENT FOR EXPONENTIAL SPEEDUP IN DEUTSCH-JOSZA ALGORITHM
We now present an application of our results on entangling by global phases to the question of necessity of entanglement in quantum computation. In the Deutsch-Jozsa algorithm,
the following state appears [3] ,
where 0 ≤ f (j) ≤ 2π for ∀j. If f (j) is constant for ∀j, |Ψ is a uniform superposition, and we get |0 · · · 0 by applying the quantum Fourier transformation (QFT) to |Ψ . On the other hand, if {f (j)} takes on values 0 or π randomly but in a balanced manner (i.e. equal occurrences of 0 and π), |Ψ is orthogonal to the uniform superposition and we get a state orthogonal to |0 · · · 0 after QFT. Therefore, we can investigate whether f is constant or balanced by a single application of the global phase function using a quantum computer.
On the other hand, in the worst case scenario using a classical algorithm, one may have to evaluate this function for at least half the number of possible arguments j. This implies 2 n /2 (exponential) function evaluations. This is why Deutsch-Jozsa algorithm is regarded as having an exponential advantage over its classical counterpart.
To see that entanglement is necessary for the exponential advantage of this algorithm, consider the following scenario. It is given that the global phase functions, apart from being constant or balanced and taking values 0 or π, are also restricted in such a manner that they never produce an entangled state in the course of the entire computation. This implies (according to the conditions obtained in section II),
If we know beforehand that f can be written as Eq. (49) 
